In studying electromagnetic wave diffraction, the choice of an appropriate canonical structure is significant in elucidating the dominant features of a scattering scenario. This study was originally motivated by the influence that the corners of buildings and their surface cladding might have on the wave propagation. When an integral equation approach is employed as the basis of numerical studies of the scattering of plane waves by an obstacle, a common technique for dealing with domains with corners is to round the corners. In order to clarify the effect of such corner rounding, this work examines the diffraction from cylindrical scatterers which possess corners, that is, points at which the normal changes discontinuously. Specifically we develop a numerical method for the scattering of an E-polarised plane wave by such cylindrical structures. We examine three different boundary conditions: soft, hard and an impedance loaded boundary condition, each enforced at all points on the cross-sectional boundary of the cylinder. We quantify the difference between test structures with corners and similar structures where the corners have been rounded to assess the impact on near-and far-field scattering, as a function of the radius of curvature in the vicinity of the rounded corner points.
Introduction
Diffraction of electromagnetic waves by canonical shapes and structures of more general and arbitrary shape is of enduring interest. The choice of an appropriate canonical structure to model the dominant features of a scattering scenario can be very illuminating. The study in this paper was originally motivated by the influence that the corners of buildings and their surface cladding have on electromagnetic wave propagation. A recent publication by Rawlins 2 Advanced Electromagnetic Waves [1] considered an approximate model relevant to the understanding of signal strength for phones in this environment. It studied the diffraction of an E-polarised wave by an absorbing rectangular cylinder, based upon Keller's method of GTD and its extensions to deal with multiple diffraction. It utilized the diffraction coefficient derived for the canonical problem of diffraction by an impedance corner to obtain relatively simple high frequency approximate expressions for the scattered far-field resulting from a plane wave obliquely incident on an imperfectly conducting rectangle.
In order to validate the results of [1] , Smith and Rawlins [2] undertook a numerical study of the scattering of an E-polarised plane wave by an infinite cylindrical structure in which an impedance boundary condition is enforced at all points on the cross-sectional boundary of the cylinder. It employed the integral equation formulation of Colton and Kress [3] for the unknown surface distribution comprising a single-layer potential and the adjoint of the double-layer potential. A Nyström method similar to that expounded by Colton and Kress [4] for the soft boundary condition was developed to obtain numerical solutions of this integral equation. The computed scattered far-fields were compared with the results of Rawlins [1] in order to validate his solutions over the range of impedances and wavenumbers examined. The study concluded that the approximations developed in [1] provide reasonably accurate patterns for rectangular structures for the range of wavenumbers and dimensions examined, but some divergences appear at smaller wavenumbers. There was a limitation to the study [2]: the method was applicable only to cylindrical cross-sections that are smooth (having a continuously varying normal vector at each point), and so the exactly rectangular structures investigated in [1] were treated by a replacing them by an appropriate "super-ellipse" that approximates the rectangle with rounded corners.
In order to clarify the effect of corner rounding this paper examines the diffraction from cylindrical scatterers which possess corners, that is, points at which the normal changes discontinuously. Specifically we develop a numerical method for the scattering of an E-polarised plane wave by such cylindrical structures. The work in [5] is significantly extended. We examine three different boundary conditions: soft, hard and an impedance loaded boundary condition. In each case the boundary condition is enforced at all points on the cross-sectional boundary of the cylinder. We implement the Nyström method expounded by Colton and Kress [4] for the soft boundary condition to obtain numerical solutions of this integral equation. We then develop other Nyström methods similar to [4] for the hard and impedance boundary conditions to obtain numerical solutions of the respective integral equations.
We use these numerical methods to examine the difference between a test structure with a corner and a rounded corner to assess the impact on near and far field scattering, as a function of the radius of curvature in the vicinity of the rounded corner point. We then extend the numerical methods developed thus far to examine a test structure with two corners. We conclude by examining the effect on the scattered field of rounding these corners as a function of the radius of curvature in the vicinity of the rounded corner points.
Formulation

The Scatterer
We consider an infinitely long cylinder with uniform cross section. Without loss of generality we may assume that the axis of the cylinder is parallel to the z-axis. The cylinder is illuminated by an incident plane wave propagating with direction parallel to the x-y plane. We will assume that the cross-section D lying in the x-y plane has a closed boundary ∂D that can be parameterised by
The incident and scattered fields
The incident field illuminating the scatterer induces a scattered field. We assume that the incident and scattered fields are time harmonic with a temporal factor e −iωt . The spatial component u inc (x, y) of the incident wave travelling in the direction of the unit vector d = (cos θ 0 , sin θ 0 ) takes the form
and satisfies the Helmholtz equation
The spatial component u sc (x, y) of the scattered field obeys the Helmholtz equation
at all points (x, y) exterior to the body, where k = ω/c is the wavenumber and c the speed of light in free space; moreover it obeys the two-dimensional form of the Sommerfeld radiation condition [4] lim
The boundary conditions
The nature of the scatterer imposes certain conditions that must be satisfied by the total field
on the boundary of the scatterer ∂D.
This work considers sound soft scatterers, sound hard scatterers, and impedance loaded scatterers. All the scatterers induce a scattered acoustic potential. We define the boundary conditions for the different scatterers below.
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Sound soft scatterers
The total field u tot vanishes on the boundary of a sound soft scatterer ∂D. Thus
and from (6) we determine
This sound soft boundary condition is a Dirichlet boundary condition.
Sound hard scatterers
The normal derivative of the total field with respect to the unit outward normal n to ∂D, vanishes on the boundary of a sound hard scatterer ∂D. Thus
and from (6) we determine ∂u sc ∂n
This sound hard boundary condition is a Neumann boundary condition.
Impedance loaded scatterers
The impedance boundary value problem is prescribed by the boundary condition
where n(x) is the unit outward normal to the boundary at the point x and λ = λ(x) is a continuous function of position. From (6) we determine
The scattered field is uniquely determined by the boundary and radiation conditions, provided Re(λ) is positive on the boundary ∂D. In this work, λ will be restricted to be a (complex) constant.
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Green's function
As shown in [3] , the problem of determining the scattered field may be solved by employing the single-and double-layer potentials associated with the two dimensional free-space Green's function
where H
(1) 0 denotes the Hankel function of first kind and order zero. The Green's function satisfies the Helmholtz equation
everywhere except at x = y, and satisfies the Sommerfeld radiation condition (5) .
For a fixed point y ∈ ∂D, the normal derivative of the Green's function with respect to the outward unit normal at y is
It satisfies the Helmholtz equation (14) except at x = y, and satisfies the Sommerfeld radiation condition (5).
Integral operators
We define two operators associated with the single-and double-layer potentials of a continuous density φ(y) defined on the boundary ∂D,
their normal derivatives are, respectively
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The integral operators (16), (17), (18) and (19) are compact [3] .
The acoustic single-layer potential u with integrable density φ is
and is continuous and bounded throughout R 2 \∂D and at all points on the boundary ∂D [4] .
and is continuous and bounded throughout R 2 \∂D. It is discontinuous at all points on the boundary ∂D, but can be continuously extended form D toD and from R 2 \∂D to R 2 \∂D with limiting values [4] v
where v ± (x) = lim h→+0 v(x ± hn(x)).
(23)
Integral representations
The solution to the exterior Dirichlet problem for all x ∈ R 2 \D, is based on representing the scattered field as a combination of the single (20) and double-layer (21) potentials
where η is a coupling parameter, provided the continuous density φ(x) is a solution to the following integral equation on ∂D:
where g = −2u inc . This integral equation is uniquely solvable for all wave numbers satisfying Im k ≥ 0 [3] .
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The single-layer potential (20)
is a solution to the exterior Neumann problem for all x ∈ R 2 \D, provided that the continuous density φ(x) is a solution of the following integral equation on ∂D [6] :
where 
is satisfied [6] .
The solution to the exterior impedance problem for all x ∈ R 2 \D, is
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This solution is unique provided that k is not an interior Dirichlet eigenvalue [3] . Uniqueness is guaranteed by considering a suitable combination of single-and double-layer potentials, ie the combined potential
where η = 0 such that η Re k ≥ 0, solves the exterior impedance problem uniquely provided that the density φ(x) ∈ ∂D is a solution of the integral equation [3] (
Numerical solution
We use the Nyström method based on weighted trigonometric interpolation quadratures as the numerical method used to approximate the solution to the integral equations (24), (26) and (31) with a mesh of 2n points. We parameterize the boundary ∂D as
So for x, y ∈ ∂D, we let
The outward pointing unit normal at x(τ) is
where J(τ) is the Jacobian factor
The operators (25), (27) and (32) may then be expressed as where φ (τ) = φ (x (τ)), and the associated kernels
each have a logarithmic singularity at t = τ. Thus we transform the integral operator formulation (25) of the exterior Dirichlet problem into the parametric form
the integral operator formulation (27) of the exterior Neumann problem into the parametric form
and the integral operator formulation (32) of the exterior impedance problem into the parametric form
A method developed by Martensen and Kussmaul [4] for the logarithmic singularities arising in (41), (42) and (43) was employed. The singular parts of the kernels (44), (45) and (46) are isolated in the following manner so that
where K 1 , K 2 , S 1 , S 2 , K 1 , K 2 are analytic. The smooth components of the kernel K 0 (t, τ) are evaluated using the trapezoidal rule to approximate
An identical rule was applied for
A different quadrature rule is used to estimate the singular part of the kernel K 0 (t, τ) which replaces the integrand by its trigonometric interpolation polynomial and integrates this interpolant exactly. We apply the following quadrature rule 2π 0 ln 4 sin 2 t − τ 2
to approximate the integral of the logarithmic part of the kernel K 0 (t, τ). The quadrature weights R (n) j are given by
An identical rule was applied for Three different spacings of the 2n mesh points were used. For smooth scatterers we used a mesh of 2n uniformly spaced points t j = πj n , for j = 0, 1, ..., 2n − 1, in the parameterisation (36). However, for domains with corners, the solutions to (25), (27) and (32) have singularities in the derivatives in the corners. To deal with these singularities, the uniform mesh is replaced by a non-uniform graded mesh. This is achieved by substituting a new variable such that the derivatives of the transformed integrand vanish up to a certain order at the corners [4] . The previous quadrature rules (Martensen-Kussmaul and trapezoidal) are then modified as follows. For any function f (t), its definite integral over [0, 2π] is evaluated by the trapezoidal quadrature rule after the substitution t = w(s) by an appropriately chosen function w(s):
with weights a j = w t j and mesh points s j = w t j .
For a domain with a single corner, the scatterer boundary ∂D is defined as having one corner at the point x 0 and ∂D\ {x 0 } is assumed to be C 2 and piecewise analytic. The angle γ at the corner is assumed to be 0
where v (s)
and the integer p is chosen to be at least 2. The function w (s) is strictly monotonically increasing and the derivatives at the end points s = 0 and 2π vanish up to order p. This choice of substitution ensures that approximately half of the quadrature points are uniformly distributed around the surface of the scatterer and that the other half are concentrated at the corner end points s = 0 and 2π. In this study we set p = 8. Use of this particular function w(s) (61) requires that the parameterisation of the surface (36) is such that the corner x 0 occurs at t = 0.
The required substitution is applied to the discretization of (41) by setting t = w (s) and 
where
and
The kernels K 1 (s, σ) and K 2 (s, σ) are analytic. The operator is now discretized using the points s j = w t j and weights a j = w (t j ) . Fuller details are in [4] . The same discretization procedure is applied to discretize (42) and (43).
For a domain with two corners, the scatterer boundary ∂D is defined as having a corner at the point x 0 and a second at the point x π and ∂D\ {x 0 ∪ x π } is assumed to be C 2 and piecewise analytic. The angle γ at the corners is assumed to satisfy 0 < γ < 2π. Our choice of the function w(s) is
The function w (s) is strictly monotonically increasing between the corners and the derivatives at the corner points s = 0, π and 2π vanish. This choice (67) of substitution ensures that approximately half of the quadrature points are uniformly distributed around the surface of the scatterer between the two corners and that the other half is concentrated at the corner end points s = 0, π and 2π. Use of this particular function w(s) (67) requires that the parameterisation of the surface (36) is such that the corner x 0 occurs at t = 0 and that the corner x π occurs at t = π.
With any of the above quadrature rules evaluated at the 2n points t j we have obtained a system of 2n linear equations for the boundary values φ t j for j = 0, 1, ..., 2n − 1 that is a discretization of the integral equations (25), (27) and (32). The solutions are obtained by the usual Gaussian elimination procedure.
Implementation of the graded mesh ensures an exponentially fast convergence rate (as a function of n) for scatterers with one or two corners with the Neumann and impedance boundary conditions. In the case where these scatterers have a Dirichlet boundary condition further modifications are necessary to achieve comparable convergence rates. For these domains the kernel of (24) is no longer weakly singular at the corner. The modification for domains with a single corner at x 0 and the Dirichlet boundary condition [4] , uses the fundamental solution
to the Laplace equation in R 2 to subtract a vanishing term. This transforms (24) into
and the associated boundary equation (25) is reformulated as
An analysis showing the existence of a solution to (70) is provided in [4] . The integral equation (70) is rewritten in parameterised form
The logarithmic singularity present in the kernelK(t, τ) remains to be accounted for. This is done in the same manner as (64). Using the quadrature rules (53) and (56) to discretize the kernel, and the trapezoidal rule to discretize the kernel H(t, τ) and φ 0 = φ (0) at the corner s 0 = 0 gives
We have obtained a system of 2n − 1 linear equations for the boundary values φ t j , for j = 1, 2, ..., 2n − 1, that is a discretization of the integral equation (70). The solution is obtained by the usual Gaussian elimination procedure.
The described modification (70) applied to (25) ensures that exponentially fast convergence is achieved for scatterers with the Dirichlet boundary condition and a single corner on ∂D.
This modification needs to be extended when the scatterer has two corners on ∂D. There are now two points in the domain with singularities in the derivatives: at t = 0 and t = π. Each of these singularities have a contributing effect that needs to be accounted for. We use the fundamental solution to the Laplace equation in R 2 (68) to subtract vanishing terms. To reflect these combined contributions (69) is reformulated as where x 0 and x π are the two corner points and t(x) denotes the parameter value of point x.
The associated boundary equation (70) is now
where H(t) is as (72) except that for t = τ, t = 0, π, 2π andK(t, τ) is as in (73). We then apply the substitution (60) as in the case for the single corner domain with graded mesh (67) and discretize in the same fashion.
Verification of numerical results
The numerical results discussed in the results section were obtained after implementation of the above schemes in a MATLAB code. A number of tests were applied to verify its correctness, including those applied in [5] . Analytical solutions were derived for a circular scatterer for the three boundary conditions and the Mie series method was used to compute an actual solution. This enabled comparison of the scattered field computed by the methods described in this section for a circular scatterer. For all three boundary conditions the error was in the order of 10 −15 which was considered a suitable tolerance. Also, the condition number of the systems was checked to ensure that uniqueness problems arising for wavenumbers k near an interior Dirichlet eigenvalue of the scatterer were avoided.
However, there is no analytical expression for the scattered field from a non-circular scatterer and as such, there is no true solution to which we can compare results. For this study, we use a significant digit measurement to determine the convergence of the solution.
We choose a point x in the domain external to the scatterer and compute the field. As the number of quadrature points increases, if the solution is convergent, the number of significant digits in agreement increases. Thus we measure the number of unchanging digits in the approximate solution as the number of quadrature points N increases, and terminate the calculation when the truncation of the computed value to a prespecified number of significant digits does not change as N increases.
Two measures were used determine the convergence of the solutions. Firstly, a near field measure of the real and imaginary parts of the scattered field u sc . This measurement was taken at a radius r = 10 from the origin in the direction x = (−1, 1) .
The second measure employs the far-field. It is measured in a specified directionx. For the Dirichlet boundary condition, the far field pattern is calculated as
and for Neumann and impedance boundary conditions the calculation is
Results and discussion
Effect of corner rounding on a domain with a single corner
Consider the curve given by the parametric representation (it is half of the so-called lemniscate of Gerono):
where a is a parameter. It has the corner at t = 0 and with an interior right angle. Henceforth the parameter a is set equal to 1 length unit.
We will also consider a family of curves in which the corner has been rounded; the family is parameterized by the quantity ε (0 ≤ ε ≤ 1) : Figure 1 illustrates the two shapes, with a = 1. The radius of curvature ρ at the corner point Figure 1 . Leminscate (blue). The interior (red) curve with rounded corner has parameter ε = 0.05 (ρ = 0.1).
The near-and far-fields were computed for each of the boundary conditions using the graded mesh (61) for the lemniscate (81). A variety of angles of incidence were tested and in the case of the impedance loaded lemniscate a number of impedance parameters were tried. All tests were performed for ka = 1, 5, 10 and 2π. Colton and Kress [4] have published results for the Dirichlet boundary condition. We were able to reproduce these results. In all cases an examination of the convergence rate as a function of N was observed to be exponentially fast (super-algebraic). Some typical results are as follows. Table 1 shows the scattered near-and far-field patterns for the lemniscate illuminated by a plane wave incident at angle θ 0 = 0 with ka = 2π. For the impedance boundary condition, the impedance parameter shown is λ = 1 + i.
We then examined the effect of rounding the corner of the lemniscate. The near-and far-fields were computed for each of the boundary conditions using a uniform mesh t j = πj n , for j = 0, 1, ..., 2n − 1, in the parameterisation (36) of the rounded lemniscate (82) and the lemniscate (81).
A variety of angles of incidence were tested and in the case of the impedance loaded scatterers a number of impedance parameters were tried. All tests were performed for ka = 1, 5, 10 and 2π, and radii of curvature ρ = 0.1, 0.08, ..., 0.02, 0.01. The results were similar in all cases. As expected a decrease in the radius of curvature shows a decrease in the rate of convergence. For radius of convergence ρ = 0.1 use of a uniform mesh achieves 10 significant digits of agreement and eventually for small radii (ρ < 0.04) the solution fails to converge (agreement of less than 6 significant digits). The results for the lemniscate, as expected, exhibit non-convergence.
The same series of experiments were then re-run using the graded mesh (61). In all cases this discretization method exhibits superior results. Super-algebraic convergence was observed in all cases when examining the convergence rate as a function of N, demonstrating the advantage of using the graded mesh. In all cases 15 significant digit convergence was achieved. Of interest is the observation that even though the rounded lemniscate (82) has a smooth boundary ∂D, as the radius of curvature decreases use of the uniform mesh for discretization fails to produce a convergent solution for small radii of curvature. This suggests that the type of discretization method chosen should be decided on a more sophisticated approach rather than a simplistic smooth versus not smooth criterion.
A set of typical results is provided in Table 2 which shows the values for the near-field using uniform mesh and then using graded mesh for a scatterer with the impedance boundary condition with impedance parameter λ = 1 + i, illuminated by a plane wave incident at angle θ 0 = 0 with ka = 2π. Table 3 shows the results of the far-field for the same experiments.
Having established that the graded mesh gives superior results for the rounded lemniscate, we attempt to answer the concern that rounding the corner will produce significant deviation from the solution where corners are not rounded. The difference between the actual solution, u L ∞ (x) forx ∈ [0, 2π] , and that produced by rounding, u R ∞ (x) , is measured using the L 2 norm
and L ∞ norm
Advanced Electromagnetic Waves
These tests were run for all three boundary conditions for ka = 1, 5, 10, and 2π, and radii of curvature ρ = 0.1, 0.08, ..., 0.02, 0.01 and, in the case of the impedance loaded scatterers, a number of impedance parameters. The results were similar for all wave numbers and Table 4 presents the results for ka = 2π. The smaller the radius of curvature used for the rounding, the smaller the measured error. Both the absolute and relative errors were measured. The relative error is expressed as a percentage of the same norm of the lemniscate far-field. Using a radius of curvature of ρ = 0.02, using the L 2 norm measures an error of 2 
Effect of Corner Rounding on a Domain with Two Corners
Consider the curve given by the parametric representation:
where a is a parameter. It has the corners at t = 0 and t = π respectively, with interior right angles. Henceforth the parameter a is set equal to 1 length unit.
We will also consider a family of curves in which the corner has been rounded; the family is parameterized by the quantity ε (0 ≤ ε ≤ 1):
x = x(t) = a cos t 1 + ε 2 + sin 2 t , sin t Figure 2 illustrates the two shapes, with a = 1. The radius of curvature ρ at the corner points t = 0 and π is solution produced by the two-corner scatterer. The difference between the actual solution and that produced by rounding is measured using the L 2 norm (83) and L ∞ norm (84).
The tests were run for all three boundary conditions for ka = 1, 5, 10, and 2π, and radii of curvature ρ = 0.05, 0.04, ..., 0.01 and, in the case of the impedance loaded scatterers, a number of impedance parameters. The results were similar for all wave numbers and Table 8 presents the results for ka = 2π. The smaller the radius of curvature used for the rounding, the smaller the measured error. Both the absolute and relative errors were measured. The relative error is expressed as percentage of the same norm of the far-field of the two-corner scatterer.
Using a radius of curvature of ρ = 0.02 , using the L 2 norm produces an error of 3.8% in the Dirichlet case, 1.6% in the Neumann case and 2.4% for the impedance boundary condition. Similarly, the L ∞ norm measures an error of 2.4% in the Dirichlet case, 1.5% in the Neumann case and 1.4% for the impedance boundary condition. Using a radius of curvature of ρ = 0.01, using the L 2 norm produces an error of 1.2% in the Dirichlet case, 0.4% in the Neumann case and 1% for the impedance boundary condition. Similarly, the L ∞ norm measures an error of 0.9% in the Dirichlet case, 0.4% in the Neumann case and 0.6% for the impedance boundary condition. Table 8 . Direction of incident plane wave θ 0 = 0 with ka = 2π.
Conclusion
In this paper we have described numerical schemes and their implementation for the solution of scattering of a plane wave by two different cylindrical structures: a single-cornered structure and a second structure with two corners, each with three different boundary conditions imposed on their surfaces -soft, hard and an impedance boundary condition. We
